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Abstract 
The symmetry breaking inevitably present in the vicinity of any surface, namely an inversion center 
disappears in surface normal direction and only axes and planes normal to the surface conserve, gives rise to 
the spontaneous piezomagnetic, piezoelectric and magnetoelectric effects in nanosystems, while the effects 
can be absent in a bulk material. All these phenomena are inherent to nanos made of materials belonging to 
all ninety bulk magnetic classes. Therefore the new linear magnetoelectrics should appear among 
nanomaterials, nonpiezomagnetic and nonpiezoelectric in the bulk. To demonstrate this we consider the 
typical cases of ultra-thin films, nanowires and nanospheres. 
Coupled with a surface stress for nanoparticles and a mismatch strains for thin films on substrates the 
surface piezomagnetic and piezoelectric effects lead to the appearance of built-in magnetic and electric fields 
respectively. The built-in fields play an important role in the appearance of self-magnetization and self-
polarization in the nanosystems paramagnetic and paraelectric in the bulk and can lead to the appearance of 
some other interesting properties absent in the bulk.  
We obtained analytical dependencies on sizes for the built-in fields and magnetoelectric coupling 
coefficients. The values of the built-in fields increase with the decrease of film thickness h or nanoparticles 
radii R as ~1/h or 1/R2 respectively, while the magnetoelectric coupling is inversely proportional to the sizes 
in both cases. This shows the strong influence of sizes on the considered properties of nanos and so opens the 
ways to govern the properties by the choice of the sizes and to create new multifunctional nanomaterials. 
The appearance in nanos of new terms in optic, galvanic and thermagnetic effects are forecasted. 
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 I. Introduction  
The properties of nanos absent in the bulk are the most interesting [1, 2, 3, 4, 5, 6]. Such 
striking phenomenon as the observation of ferromagnetism in spherical nanoparticles (size 7–30 
nm) of nonmagnetic oxides such as CeO2, Al2O3, ZnO, etc has been reported in the paper [1]. 
Extremely strong superparamagnetic behavior down to 4 K has been found in gold and palladium 
nanoparticles with mean diameter 2,5 nm and narrow sizes distribution with no magnetization in 
bulk [2]. Ferroelectric phase transition appears in thin antiferroelecric PbZrO3 and BiNbO4 films 
under their thickness decrease [3, 7]. It is interesting that iron that is a typical ferromagnetic 
material turns antiferromagnetic in a monolayer on W(001) [6]. The strong enhancement of 
spontaneous polarization and ferroelectric phase conservation up to the chemical decomposition has 
been observed in Rochelle salt nanorods of diameter 30 nm [4]. The appearance of ferroelectricity 
takes place in nanorods and thin films of the incipient ferroelectrics, which remain paraelectric up to 
zero K in the bulk [5, 8, 9]. Given examples illustrate how dramatically different from bulk 
behaviour materials can be at low dimensions. 
It was shown in the papers [11-9] that the possible physical origin of polarization and 
magnetization enhancement could be mechanical conditions in restricted geometry of nanomaterials 
and in particular the built-in magnetic and electric fields originated from piezoeffects and e.g. 
surface tension. While the existence of piezoelectric effect in the vicinity of surface was shown 
earlier [10, 11], the appearance of piezomagnetic effect was the assumption of [12, 13] that up to 
now was not approved for nanosystems. The same reasons were shown to be the source of 
intriguing modifications of the structure polar, magnetic and electronic state [14, 15, 16], electret 
state appearance and ferroelectric thin films self-polarization that was widely used as important 
technological process, but stayed unexplained for many years up to 2004 [10]. 
The magnetoelectric (ME) effect, i.e. when the application of either a magnetic field or an 
electric field induces an electric polarization as well as magnetization, attracted much attention in the 
last years [17, 18, 19, 20]. The importance of linear ME effect for the applications in modern 
technology and in particular for memory devices increases essentially the interest to 
magnetoelectric materials. Recently the revival of the ME effect has been observed due to discovery 
of high (several hundred percents) ME effects both in single phase and composite materials [21, 22, 
23, 24]. However up to now the efforts of scientists and engineers are directed to the search for new 
materials with high ME effect. 
In this paper we will show that for nanomaterials both with phase transitions (ferroics) and 
without any phase transitions like above-mentioned oxides, which belong to all ninety magnetic 
classes, piezomagnetic, piezoelectric, linear ME effect and built-in magnetic and electric fields are 
inherent characteristics. The main advantage of nanos is the possibility to govern their properties by 
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the choice of their geometry and sizes as illustrated by analytical expressions derived in the paper. 
They open the way to obtain necessary characteristics and govern the considered and other 
properties of nanos by the choice of their sizes and surface geometry. 
 
II. Piezomagnetic, piezoelectric and magnetoelectric effects 
A piezomagnetic tensor, that coupled the axial vector of magnetization M with the polar 
tensor of strain uij, is the third rank axial tensor . In bulk materials the piezomagnetic effect 
could exist in 66 magnetic classes [25]. The number was obtained as a difference between the total 
number of magnetic classes (90) and the number (21) of magnetic classes, which possess operations 
of time reversal and space inversion center simultaneously [25]. Because the strain tensor is 
symmetric (uij = uji), the tensor  is equal to zero for the three classes of cubic symmetry: 43m, 
432 and m3m, which have to be excluded also. 
)(m
ijkd
)(m
ijkd
It is pretty obvious that because the inversion center is absent in the vicinity of surface for 
nanos of arbitrary geometry, piezomagnetic effect has to exist in the aforementioned 21 magnetic 
classes. The calculations have shown that the piezomagnetic effect exists in abovementioned 3 
cubic classes also. Therefore, contrary to the bulk, in nanos piezomagnetic effect has to exist in 90 
bulk magnetic classes. 
That components of any tensor is defined by its transformation law, lets consider 
quantitatively the form of piezomagnetic tensor presentation in nanos. To find out the nonzero 
components of third rank tensors we will use the system of linear equations obtained from the 
transformation laws for the axial ( ) and polar ( ) third rank tensors describing 
piezomagnetic (m) and piezoelectric (e) effects in bulk [25]: 
)(m
lpnd
)(e
lmnd
( ) ( ) )()( det1~ mlpnknjpiltrmijk dAAAd A−= ,     )()(~ elmnknjmileijk dAAAd = .  (1) 
Hereinafter the summation is performed over the repeating indexes. A is the transformation matrix 
with components Aij (i,j = 1,2,3) and determinant det(A) = ±1; the factor tr denotes either the 
presence (tr = 1) or the absence (tr = 0) of time-reversal operation coupled to the entirely space 
point transformation Aij. For the case when the matrices A represent all the generating elements of 
the material point symmetry group (considered hereinafter) the identity ),(),(
~ em
ijk
em
ijk dd ≡  should be 
valid for nonzero components of the piezotensors. 
For any spatially confined system the inversion center disappears in surface normal direction 
and only the symmetry axes and planes normal to the surface conserves [26]. Thus the magnetic and 
space symmetry groups should be changed as the new transformation matrices AijS is the sub-group 
of initial point symmetry group Aij, namely rotations and mirror reflections have the form 
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







=
100
0
0
2221
1211
aa
aa
SA  for the surface normal ↑↑x3, at that ( ) ( ) 1det ±== AASdet . As a result the 
surface piezoeffect tensors  and  (existing even in a cubic symmetry lattice near the 
surface) should obey another transformation laws than the ones existing in the bulk of material, 
namely 
)(Sm
lpnd
)(Se
lmnd
( ) ( ) SjpSil AA )(Smlpn)( 1 trSmijk −≡ det SknS dAAd  and .  )(SelmnSknSjm dA)( SilSeijk AAd ≡
By the same way one can analyze the second rank ME tensor . The transformation laws 
for the surface linear ME effect axial tensor  are 
ijγ
S
ijγ ( ) ( )SA SklSilSiktrSij AA γ−=γ det1~  and SijSij γ≡γ~  for 
nonzero components, i.e. the laws differ from the one existing in the bulk of material: 
( ) ( ) kliliktrij AA γ−=γ Adet1~ . In bulk of materials the ME effect was shown to exist in 58 magnetic 
classes [25]. The analysis, similar to the one we performed for piezomagnetic tensor, shows that 
ME effect exists in nanos in ninety magnetic classes. Thus the new piezomagnetics, piezoelectrics 
and linear magnetoelectrics should appear even among nanomaterials nonpiezomagnetic and 
nonpiezoelectric in the bulk, e.g. simple binary oxides like EuO and CoO. 
To demonstrate the intriguing possibility, we calculate the evident form of the surface 
piezoelectric, piezomagnetic and ME tensors for the bulk m3m, m′3m′, m′3m and m3m′ cubic 
symmetry groups (symbol prime stands for the coupling with time reversal). The surface 4mm, 
4m′m′, 4′m′m and 4′mm′ symmetry groups were directly obtained from the bulk m3m, m′3m′, 
m′3m and m3m′ symmetry groups respectively by adding the surface with normal x3 ↑↑ 4 (symbol 
4 stands for the forth order rotation axis). Note, that the m3m, m′3m, m3m′, m′3m′ symmetry 
groups correspond to the bulk symmetry of the nonpiezoelectric binary oxides MnO, FeO, CoO, 
NiO, MnS, EuO, PrO and the paraphrase of the BiFeO3. 
Results for ,  and  are presented in the Table 1. It is seen from the Table 1 that 
a nonpiezoelectric and nonpiezomagnetic bulk material with m3m, m′3m′, m′3m and m3m′ 
symmetry becomes piezoelectric and piezomagnetic in the vicinity of surface with different  
tensors, which depend on the surface symmetry group, the influence of surface on the symmetry 
and properties being essential on the distances of several tens nm from the surface [26, 27, 28]. 
Nonpiezoelectric but piezomagnetic bulk materials with m3m′ symmetry remain piezomagnetic and 
become piezoelectric in the vicinity of surface, but the symmetry of  changes in comparison 
with a bulk tensor d . It is seen from the Table 1 that the choice of surface influences the number 
and type of nonzero components of piezoelectric, piezomagnetic and ME tensors. 
)(Sm
ijkd
)(m
ijk
)(Se
ijkd
S
ijγ
)(Sm
ijkd
)(Sm
ijkd
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Nonmagnetoelectric bulk materials with m3m, m′3m and m3m′ symmetry become linear 
magnetoelectric in the vicinity of surface with different  tensors, which depend on the surface 
symmetry group. Magnetoelectric bulk materials with m′3m′ symmetry remain linear 
magnetoelectrics in the vicinity of surface, but the symmetry of  changes in comparison with a 
bulk tensor  (see the last row in the Table 1). 
S
ijγ
S
ijγ
ijγ
Thus the symmetry breaking inevitably present in the vicinity of the any surface gives rise to 
the piezomagnetic, piezoelectric and ME effects in nanosystems, while the effects can be absent in a 
bulk material. Linear ME effect can exist in nanos made of materials belonging to the all ninety 
bulk magnetic classes. We have to underline, that this number is much larger than the bulk magnetic 
classes number 66, as well as the magnetoelectric classes number 58. 
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Table 1. Surface and bulk piezoelectric, piezomagnetic and ME tensors. 
 
Symmet-
ry group  
Piezomagnetic tensor non-trivial 
components 
Piezoelectric tensor non-trivial 
components 
Linear ME tensor 
non-trivial 
components 
Bulk   
m3m, 
m′3m 
Absent in the bulk dijk(m) ≡ 0 Absent in the bulk dijk(e) ≡ 0 Absent γij=0 
Bulk   
m′3m′ 
Absent in the bulk dijk(m) ≡ 0  Absent in the bulk dijk(e) ≡ 0 








γ
γ
γ
11
11
11
00
00
00
 
Bulk   
m3m′ 
d123 = d213 = d312 = d14(m)      








)(
14
)(
14
)(
14
00000
00000
00000
m
m
m
d
d
d
 
Absent in the bulk dijk(e) ≡ 0 Absent γij=0 
Surface 
4mm  
(normal 
x3 ↑↑ 4) 
 
d14(Sm)= d123 = − d213 








−
000000
00000
00000
)(
14
)(
14
Sm
Sm
d
d
 
d31(Se)=d311=d322, d333=d33(Se), 
d131 = d232= d15(Se) 








000
00000
00000
)(
33
)(
31
)(
31
)(
15
)(
15
SeSeSe
Se
Se
ddd
d
d
 
γ12S = −γ21S 








γ−
γ
000
00
00
12
12
S
S
 
Surface 
4m′m′ 
(normal 
x3 ↑↑ 4) 
d311=d312=d31(Sm), d333=d33(Sm), 
d131 = d232= d15(Sm) 








000
00000
00000
)(
33
)(
31
)(
31
)(
15
)(
15
SmSmSm
Sm
Sm
ddd
d
d
 
The same as above   
d31(Se)=d311=d322, d333=d33(Se), 
d131 = d232= d15(Se) 
 
γ11S = γ22S 








γ
γ
γ
S
S
S
33
11
11
00
00
00
 
Surface 
4′mm′  
(normal 
x3 ↑↑ 4, 
x1,2 ⊥ m-
planes)* 
d123 = d213 = d14(Sm), d312 = d36(Sm) 








)(
36
)(
14
)(
14
00000
00000
00000
Sm
Sm
Sm
d
d
d
 
The same as above   
d31(Se)=d311=d322, d333=d33(Se), 
d131 = d232= d15(Se) 
 
γ12S = γ21S 








γ
γ
000
00
00
12
12
S
S
 
Surface 
4′m′m 
(normal 
x3 ↑↑4, 
x1,2 ⊥ m′-
planes)* 
d113 = −d223 = d15(Sm), 
d322 = −d311 = d31(Sm) 








−
−
0000
00000
00000
)(
31
)(
31
)(
15
)(
15
SmSm
Sm
Sm
dd
d
d
 
The same as above   
d31(Se)=d311=d322, d333=d33(Se), 
d131 = d232= d15(Se) 
γ11S = −γ22S 








γ−
γ
000
00
00
11
11
S
S
 
 
*)Groups 4′mm′ and 4′m′m are equivalent within the rotation of the coordinate system  
 
The proposed method of piezomagnetic, piezoelectric and ME tensors nonzero components 
calculations for nanos of different geometry was applied to all 90 bulk magnetic groups and 
obtained results will be published elsewhere. 
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 III. Built-in magnetic and electric fields 
Below we demonstrate that the surface piezomagnetic and piezoelectric effects coupled with 
the surface stress for nanoparticles and a mismatch strains for thin films on substrates lead to the 
appearance of built-in magnetic and electric fields (the latter were calculated earlier for ferroics [10, 
11]). The surface stress or strains are strongly dependent on the boundary conditions and the 
ambient material or substrate [29, 30]. 
The built-in fields play an important role in the appearance of self-magnetization and self-
polarization in the nanos paramagnetic and paraelectric in the bulk [12].  
For correct phenomenological description of any confined (and in particular nanosized) 
system the surface energy GS should be considered, as its contribution in the free energy 
 increases with the system size decrease, i.e. it increases with S/V ratio 
increase (S is the system surface, and V is its volume). Following [17], the excess of the free energy 
density related with the electric and magnetic field components Ei and Hi, and the stress tensor σij 
has the form: 
∫∫ +=
V
V
S
S rdgrdgG
32
( )jiSijijkSmijkijkSeijkS EHHdEdg γ+σ+σ−= )()( ,                                     (2a) 
.
...
2
22
)()(
0
0
0
0










+σσ+γ+σ+σ+


 χµ++

 χε+
−=
lmjk
jklm
jiijijk
m
ijkijk
e
ijk
ij
m
ijiij
e
iji
V s
EHHdEd
HHMEEP
g                      (2b) 
sijkl is the elastic compliances tensor. P0i and M0i are the spontaneous polarization and magnetization 
vector components, χ  and χ  are electric and magnetic susceptibilities,  and µ  are universal 
dielectric and magnetic constants respectively.  
e
ij
m
ij 0ε 0
 All higher nonlinear terms and the gradient energy were omitted in Eqs.(2) for the sake of 
simplicity. Note, that hereinafter we will not consider metallic nanos, since electrical polarization is 
absent in them, but it is not excluded that for metallic materials Eqs. (2) could be valid without 
piezoelectric effect and polarization. 
Minimization of the free energy (2) with respect to the electric, magnetic fields and stress 
components leads to the equations of state for the polarization ( )ii EGP ∂∂−= , magnetization 
( ii HGM ∂∂−= )  and strain tensor components ( )ijij Gu σ∂∂−= . Rigorous methods for the solution 
of these equations with respect to boundary conditions for the stress or strains, and the variation of 
the surface energy are described in details in Refs.[12, 8]. Both rigorous methods and simplified 
core-and-shell approach presented in the Appendix lead to the renormalized free energy density: 
( )jiRiji EHH γ+biibiijkmijkijkeijkR HEEHdEdg µ+ε+σ+σ− 00)()(~ . It includes the magnetic 
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( jk
Sm
ijk
b
i dV
SH σµ≅
)(
0
) and electric ( jk
Se
ijk
b
i dV
SE σε≅
)(
0
) built-in fields and magnetoelectric energy 
density  with renormalized ME coefficient ji
R
ijME EHg γ= SijijRij V
S γ+γ≅γ
b
iE
b
iH
b
iE
, where  is listed in the 
Table 1.  
S
ijγ
R
ijγ
General expressions for the built-in fields  and  produced by the surface 4mm, 4m′m′, 
4′mm′ and 4′m′m symmetry groups (obtained from the bulk m3m, m′3m, m3m′ and m′3m′ 
symmetry groups respectively) and nonzero ME coupling coefficients  size dependences are 
listed in the Table 2 for thin films and nanoparticles of different geometry.  
b
iH
R
ijγ
It is seen from the table, that the built-in fields and linear magnetoelectric coupling  
spontaneously arises for the typical cases of ultra-thin films, nanowires, nanotubes and nanospheres. 
So, the large amount of new linear magnetoelectrics should appear among nanos, which are 
nonmagnetoelectric in the bulk.  
R
ijγ
It is necessary to underline that the values of the built-in fields and ME coupling increase 
with the decrease of film thickness h or nanoparticles radii R. Obtained analytical dependencies for 
thin films or nanoparticles respectively have shown that  and  ~1/h or 1/R2, while the ME 
coupling  is inversely proportional to the sizes in both cases. This shows the strong influence of 
sizes on the nanos properties and so opens the ways to govern the considered properties by the 
choice of the sizes. In particular the linear ME coupling should dramatically changes the phase 
diagrams of ferroic nanosystems with various geometry.  
Inevitable symmetry breaking in the vicinity of surface (and thus in thin films and small 
enough nanoparticles) could lead to new terms in optical properties of nanos including linear 
electrooptical and magnetooptical effects and in nonlinear susceptibilities. In particular, keeping in 
mind that electrooptical effect and nonlinear susceptibilities are defined by the third rank tensor, the 
results presented in the first and second columns of the Table 1 can be applied for these effects also. 
New terms in galvanic and thermomagnetic effects namely new nonzero Hall, Rigi, Leduke, Nernst, 
Ettingaus and magnetoresistance coefficients for nanos could appear and can be calculated by the 
same way we proposed here. The detailed calculations of these effects are in progress now.  
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 Table 2. Surface built-in fields and ME coupling coefficients induced by the surface 
piezoelectric and piezomagnetic effects (see Appendix for details). 
 
Nano-
system 
Built-in magnetic field 
normal component H 
Built-in electric field 
normal component E 
Linear ME coupling* 
η
γ+γ=γ
S
ij
ij
R
ij , η is the 
characteristic size  
Thin layer 
of thickness 
h, surface 
normal 
↑↑x3 
σij are the 
surface 
stress tensor 
h
ddH
SmSm
b
0
23
)(
12313
)(
113
1 µ
σ+σ=  
h
ddH
mm
b
0
13
)(
21323
)(
223
2 µ
σ+σ=  




σ+σ+
σ+σ
µ= 12)(31233)(333
22
)(
32211
)(
311
0
3
1
mm
mm
b
dd
dd
h
H  
13
)(
113
0
1
1 σε=
Seb d
h
E  
23
)(
223
0
2
1 σε=
Seb d
h
E  




σ+
σ+σ
ε= 33)(333
22
)(
32211
)(
311
0
3
1
Se
SeSe
b
d
dd
h
E
Size   h=η  
 
x2x1 
x3 
h
n
 








−
+
µ
τ−=ρ
11
12)(
311
)(
333
)(
322
2
0 2
2
s
sd
dd
R
H Sm
SmSm
b  








−
+
ε
τ−=ρ
11
12)(
311
)(
333
)(
322
2
0 2
2
s
sd
dd
R
E Se
SeSe
b  
Nanowire 
of radius R, 
wire axes 
↑↑x1, local 
normal 
eρ ↑↑x3 0,
2, 231312
11
12
112233 =σ=σ=στ=στ−=σ=σ Rs
s
R
 
τ is the intrinsic surface stress tensor coefficient 
 
Size   2R=η  
 
x2
x3 
x1 
R 
n 
 




+
+
µ
τ−=
)(
311
)(
333
)(
322
2
0
3
Sm
SmSm
b
r d
dd
R
H  



+
+
ε
τ−=
)(
311
)(
333
)(
322
2
0
3
Se
SeSe
b
r d
dd
R
E
 
Nanosphere 
of radius R, 
local 
normal 
er ↑↑x3 0, 231312112233 =σ=σ=στ−=σ=σ=σ R  
Size   3R=η  
 
x2x1 
x3 
R
n
 ( )
( )12110
)(
322
)(
311
3
2
ssh
dduH
SmSm
mb
+µ
+=  ( )( )12110
)(
322
)(
311
3
2
ssh
dduE
SeSe
mb
+ε
+=
 
Thin film of 
thickness h 
on a rigid 
substrate, 
um is misfit 
surface 
normal 
↑↑x3 
( ) ( )
( ) ( )
0
,
33323112
2
12
2
11
)(
1112
)(
2211
)(
1112
)(
2211
1211
22
2
12
2
11
)(
2212
)(
1111
)(
2212
)(
1111
1211
11
=σ=σ=σ=σ
−
−−−−+=σ
−
−−−−+=σ
ss
dsdsHdsdsE
ss
u
ss
dsdsHdsdsE
ss
u
m
i
m
ii
e
i
e
iim
m
i
m
ii
e
i
e
iim
 
*) 
( )
( )12112
)(
22
)(
11
)(
3113
ssh
ddd
h
Sm
j
Sm
j
Se
i
S
ij
ij
R
ij
+
+δ+
+γ+γ=γ
 
*) For a mechanically (partially) clamped system one should also consider the contribution of elastic 
subsystem into the magnetoelectric coupling . In the case  is proportional to the convolution of the 
surface magnetoelectric and piezoelectric tensors in accordance with formula  (see the third 
term in the last formulae). 
f
ijγ fijγ
)()(~ Sejlk
Sm
ilk
f
ij ddγ
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Appendix  
For correct phenomenological description of any confined (and in particular nanosized) 
system the surface energy GS should be considered, as its contribution in the free energy 
 increases with the system size decrease (S is the system surface, and V is its 
volume). The free energy density excess related with the electric and magnetic field components Ei 
and Hi, and the stress tensor σij has the form [17]: 
∫∫ +=
V
V
S
S rdgrdgG
32
( ).)()( jiSijijkSmijkijkSeijkS EHHdEdg γ+σ+σ−=                      (A.1a) 
.
...
2
22
)()(
0
0
0
0










+σσ+γ+σ+σ+


 χµ++

 χε+
−=
lmjk
jklm
jiijijk
m
ijkijk
e
ijk
ij
m
ijiij
e
iji
V s
EHHdEd
HHMEEP
g                      (A.1b) 
sijkl is the elastic compliances tensor,  are strain tensor components. P0i and M0i are the 
spontaneous polarization and magnetization vector components. All higher nonlinear and gradient 
terms were omitted in Eq.(A.1) for the sake of simplicity. In Eq. (A.1) we omitted the gradients of 
polarization and magnetization, keeping in mind that we are going to consider the region in the 
vicinity of the surface where the influence of surface is strong. This region corresponds to the shell 
of the core-shell model proposed earlier [27]. In this model shell and core are two homogeneous 
regions, shell has close to the surface properties and core has the properties close to the bulk. In 
accordance with theoretical calculations [26] and ESR experimental data [28] the size of shell lays 
in the region from several to a few tens of nanometers.  
iju
Minimization of the free energy (A.1) in the Gibbs model with respect to the electric, 
magnetic fields and stress components leads to the equations of state: 
( ) kSmkijmkijkSekijekijijijklijij HdVSdEdVSdsGu  ++ ++σ=σ∂∂−= )()()()( ,                                 (A.2a) 
( ) iSijijjkSeijkeijkjeijiii HV
Sd
V
SdEPEGP 

 γ+γ+σ

 ++χε+=∂∂−= )()(00 ,                              (A.2b) 
( ) jSijijjkSmijkmijkjmijiii EV
Sd
V
SdHMHGM 

 γ+γ+σ

 ++χµ+=∂∂−= )()(00 .                       (A.2c) 
In the adopted approximation: 
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









+

 γ+γ+σ

 ++σ

 ++
+σσ+

 χµ++

 χε+
−=
...
222
)()()()(
0
0
0
0
ji
S
ijijijk
Sm
ijk
m
ijkijk
Se
ijk
e
ijk
lmjk
jklm
ij
m
ijiij
e
iji
EH
V
SHd
V
SdEd
V
Sd
s
HHMEEP
VG    (A.3) 
Here the built-in fields jk
Se
ijk
b
i dV
SE σε=
)(
0
, jk
Sm
ijk
b
i dV
SH σµ=
)(
0
 and ME coefficients Sijij
R
ij V
S γ+γ=γ  
can be naturally introduced and so 
( ) VEHHHHdEEEdG jiRijibiijkmijkibiijkeijkR ⋅γ+µ+σ+ε+σ−= 0)(0)( .                           (A.4) 
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